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ABSTRACT: In this paper we calculate the translational and rotational friction coefficients for a suspended
rigid rod as well as its contribution to the viscosity in the dilute limit as a function of the aspect ratio. In
the long rod limit the asymptotic behavior is found to be identical to Yamakawa’s expressions. For finite
rods, our results, in particular those for the translational friction coefficient, reproduce numerical values
obtained by Tirado et al. and differ from the values obtained by Broersma using the Oseen-Burgers
approximation and from the values obtained later using the slender body theory.

1. Introduction

In a wide variety of physico-chemical problems, one has
to deal with suspensions of rodlike particles. There are
many characteristics of the system that make its study
rather complicated. For instance, one can mention the
anisotropy of the particles which makes them more easily
oriented by external fields and the elongated form that
makes the entanglement effect in semidilute suspensions
much more noticeable than for flexible polymers, and
furthermore, in sufficiently concentrated suspensions the
system exhibits a liquid crystalline phase. In dilute
solutions the main source of complication is the interaction
of the rod with the solvent. The different parts of the
particle cause disturbances in the velocity field that affect
the whole motion of the polymer. These are the so-called
hydrodynamic interactions which take place between any
surface element of the suspended particles. In the case
of asingle sphere, one can compute the friction coefficients
rather easily due to its simple geometrical form and exact
results have been known for dilute suspensions for a long
time.l2 In the case of elongated particles, however,
calculations are much more difficult and there are only
exact results for ellipsoids? and spheroids.*® The problem
of computing the friction coefficients for other elongated
particles has been attempted by several authors. Kirkwood
et al.,® modeled the particle as a line of touching spheres
(“shish-kebab” model) and considered the hydrodynamic
interactions between the different spheres. Broersma’
used a cylinder-like model and solved the hydrodynamic
problem by using an extended version of the Oseen-
Burgers® procedure and, in this way, obtained expressions
for the translational and rotational friction coefficients.
In the Oseen—-Burgers procedure, the force of the particle
on the fluid is located along the symmetry axis of the
particle. Yamakawa® also used this procedure to get the
reduced viscosity in the long cylinder limit. Further
developments of the “slender body” theory initiated by
Burgers were given by Cox!'%!! and Batchelor.12 A different
approach was followed by Youngren et al.'® and Tirado et
al.4 In Tirado et al.’s work the surface of the cylinder is
modeled by a stack of rings, all of which are composed by
small touching spheres. The hydrodynamic problem is
reduced to the consideration of the friction of the spheres
and the hydrodynamic interaction between all the spheres.
Inthe analysis of Youngren et al. arather similar technique
was used in which the surface is subdivided into a collection
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of finite elements in which the force density is then
assumed to be constant. They restrict themselves to
translational motion parallel to the axis, for which they
find the same results as Tirado et al. within the error
Youngren et al. quote. Note in this respect that the error
they quote is relative to the friction coefficierit and leads
to a much larger error in the coefficient v, plotted by Tirado
et al.’* From the experimental point of view, the expres-
sions given by Broersma”1516 and Tirado et al.1#1718 are
widely used in fitting experimental data.!®1® Tirado et
al.’s expressions turn out to be most useful in this respect.

In this paper we model the cylindrical particle using a
force distribution on the surface of the cylinder which is
chosen to be uniformly distributed around the axis. This
implies, on the one hand, that any force distribution which
does not have this symmetry is replaced by a distribution
which is uniform for rotation of the cylinder around its
axis. On the other hand, this procedure places a possible
force distribution at the end plates on the circumference
of the cylinder near its extremes. Our analysis goes beyond
the slender body theory in the sense that the force
distribution is located on the surface of the cylinder rather
than on its axis. The solvent is taken as a continuum
whose dynamic properties are described by the Navier—
Stokes equation.?’ Inour description we have alsoincluded
thermal noise in the bulk of the solvent, which is
responsible for the spontaneous fluctuations of the velocity
field. These fluctuations are, for instance, the cause of
the Brownian motion performed by the suspended par-
ticles. In section 2 we derive the Langevin equation
containing all the dynamic features of the coupling between
the motion of the particle and the solvent. In section 3
we use the results of section 2 to compute the expressions
of the translational and rotational diffusion coefficients
and the reduced viscosity in the long rod limit and
reproduce the expressions given by Yamakawa.® Mu-
rakami, who used essentially the same kind of force
distribution, was not able to reproduce the correct
asymptotic behavior.?l In section 4 we take finite-size
effectsinto account in the evaluation of the values of these
transport coefficients. The results are compared with the
analytical calculations of Broersma’1%16 and with the
numerical data of Tirado et al.141718 We find that our
analytical calculation reproduces the values given by
Tirado et al.14 for the translational friction coefficient for
motion along the axis and, for motion in the direction
orthogonal to the axis, is very close, unlike those given by
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Broersma.’® For the rotational friction coefficient our
result is about as much above the values given by Tirado
et al. as Broersma'’s values are below. Furthermore, we
also give the viscosity which was until now only given in
the long cylinder limit by Yamakawa.® In the lastsection,
a discussion of these results is given.

2. Equation of Motion of the Rod

Our purpose in this section is to derive the equation of
motion of the polymer, following the line of reasoning given
in refs 22 and 23. Thus, the motion of the fluid will be
governed by the linearized Navier-Stokes equation with
appropriate stochastic sources accounting for the presence
of fluctuations in the fluid. One has

s = -V-P(Ft) 2.1)
together with the incompressibility condition
V=0 (2.2)

In egs 2.1 and 2.2 p is the density, D(#,t) is the velocity
field, and P(#,t) is the pressure tensor. This quantity is
given by

dvg A, R _ R
P,y=pi,- "(a_ra + a_rﬁ) +ON =P+ 105 (23)

where p is the hydrostatic pressure and # the shear
viscosity. Furthermore, HaRﬂ is the random pressure

tensor. According to fluctuating hydrodynamics,?® the
random pressure tensor is a Gaussian white noise with

2
(I*G6)) =0 (2.4)
(MEGOIE (7)) = 2kgTnA 4, 0¢ - F)8 -t)  (2.5)

where use has been made of the fourth-rank traceless
symmetric unit tensor

afyu

2
3

In the presence of suspended particles one may also
extend the validity of eq 2.1 inside the particles by the
introduction of induced force densities.?¢ The perturba-
tions caused by the motion of the particles are then
introduced through the induced forces. Indilute solution
one can consider the presence of only one particle which,
in our case, will be a cylinder of length L and radius a with
the aspect ratio ¢ = ¢/L < 1. We will assume that the
perturbations of the fluid decay instantaneously and will,
therefore, use the so-called creeping flow approximation
for the fluid dynamics from now on. Taking this into
consideration, we can write the equation of motion of the
whole system as

0 = -Vp(#t) + nVBH ) + PG b - V-IRGEH (2.7

where F(#,t) is the induced force density.

Itis convenient here to introduce a comoving coordinate
frame attached to the cylinder. Let us assume that the
center of the cylinder is at the space point R. We can
choose a coordinate frame whose origin is placed at 105
and whose z-axis coincides with the cylinder’s axis which
is pointing in the §(t) and corotates with the cylinder. A
position in this frame will be given using cylindrical
coordinates s, r, , and ¢ where s is the distance along the
axis of the cylinder from its center, r, is the distance
orthogonal to the cylinder’s axis, and ¢ is the azimutal
angle around this axis. In this way, the surface of the
cylinder is defined by r; = a and |s| < L/2.

gy = B0rBs, + 80,05, — 20,50, 2.6)

afyu
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The induced force density is chosen such that the
hydrostatic pressure inside the cylinder is zero,

pFt) =0 r . <als|<L/2 2.8)

and the velocity field inside the cylinder is equal to the
velocity of the cylinder at that point

r.<alsi<L/2 (29)

On the surface of the cylinder we use stick boundary
conditionsso that the extended velocity field is continuous
at the surface of the cylinder. In the quasistatic approx-
imation used in this paper, the induced force density is
only unequal to zero on the surface of the cylinder and can
therefore be written as

D(Ft) = a(r ,s,0,t)

Bt = F96,0,t)8(r, —a)8(L/2-s)  (2.10)

In this equation we have neglected the induced forces due
to the end surfaces. In this paper we shall furthermore
assume that the dependence of F®(s,,t) on ¢ is not
important for the properties that we want to describe so
that, as a good approximation, one can take

FOps,t) = f(s,t)/2ma 2.11)

with 7(s,t) being the induced force density per unit length.
Both approximations are most appropriate for the long
rod limit. Weshalldiscuss therole of these approximations
in the conclusion. Clearly, under such an approximation,
rotations around the axis cannot be taken into account.

In order to explicitly solve eq 2.7, it is convenient to
introduce the Fourier transform of the fields with respect
to position. For instance, one has for the velocity field

b(k,t) = [ dF exp(-iBHD(t) 2.12)

In this representation we can obtain, using the incom-
pressible nature of the fluid (2.2), from eq 2.7, the formal
solution for the velocity field

a - &k

nk?

B(k,t) = Dy(Bit) + (B L) - iBIRGEH]  (2.13)
where ﬁogﬁ,t) is the velocity field due to sources at infinity
and & = k/k. This formal solution can also be expressed
in real space giving

b8 = Do) + [aF TG - #)LF,0) - VIR, 0)]
2.14)

Here, ?‘(?‘) is the Oseen tensor which corresponds to the
Green function of the linearized quasistatic Navier-Stokes
equation and is given by

i-kR)
nk?

Using stick boundary conditions, the average of the
velocity field over the contour of a transverse section of
the cylinder is equal to the velocity of the corresponding
point on the axis. If we denote the position vector of a
point of the §-axis by &(s,t) = R + s8, we have for the
velocity of the corresponding point in the cylinder

o
t¢) = [ exp(-ik) ==+ @

o CLE
Bst) = 5= [ Ao lr, = as,00)

1 . , ..
= ;L far 50 - o - @16)

for |s| < L/2. Using now the formal solution given in eq
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2.13, one arrives at

o (s 1y = L [ gp — a)S(s —
Usit) =5 — far s, - aysts - 5) x

o) + (7 T -+ [FG ) - VARG 00 @.17)

By assuming that the flow in the absence of the polymer
is homogeneous and given by 0y(Ft) = 8, the first
integral of the right-hand side of eq 2.17 simply gives &(s,t)-
8. Using eq 2.11 and the integral representation of the
Oseen tensor given in eq 2.15, the term which contains the
induced force density in eq 2.17 can be expressed as

/ dk 1-4k
f.i‘f‘;ds’ {f 5 explik;(s - $)1J5(k a) }f(s/)
' 2m? nk?
(2.18)

where k| and k| are the components of the wavevector 2
parallel and perpendicular to the direction of the axis of
the cylinder, respectively, and Jy(x) is the Bessel function
of first kind and order 0. We canthen identify the mobility
kernel

- 3

1-kk
- $)1J5(k  a)——  (2.19)
nk

3 .
us—-¢) = |
The random part of the velocity field is written as

- 1 =, / / Fv . 2
BRst) = -5 = [ d¥ 8, - )85’ - o) [ B - 7).

[v.IRG,1)]
dk i-&
= —f(2 X exp(tk“s)J (k, a)— {zk IIR(k £
2.20)

The properties of the part of the velocity follow from the
ones of the random pressure tensor given in egs 2.4 and
2.5 and are given by, cf. appendix A,

(6R(s,0)) = @.21)
After some algebra, one gets
(FR(s,t)0R (1)) = 2kpTals — N0t - ) (2.22)

It should be noted in this context that the time rate of
change of the position and orientations of the polymer are
slow compared to the relaxation time of the velocity. As
a result of this, and in accordance with the linearization
of the Navier-Stokes equation, the stochastic properties
of DR given above are (and may be) calculated at any instant
in time as if the position and orientation of the polymer
were momentarily frozen.

In view of these considerations, we can obtain an
equation relating the velocity of a given point of the
cylinder axis with the induced force density, that is

st = S )B+ || LL//st' (s~ &) t) + DR(s,t) (2.23)

In the description of the fluid motion we have neglected
acceleration. Similarly, we will neglect the acceleration
of the polymer. This implies that the force exerted by the
fluid on each segment of the cylinder is balanced by
external and internal forces on this segment. Asthe force
exerted on the particle by the fluid equals minus the force
exerted by the fluid on the particle, we thus have

fs,t) = F ™ s,t) + F 4(s,t) (2.24)

where 7 int is the force per unit length due to interactions
with neighboring segments which, in this case, has to be
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considered as a force due to the rigid constraints, i.e. the
force distribution necessary to assure that the rod neither
bends nor stretches. Moreover, 7 et is the force per unit
length due to external fields. Substituting ffor f int 4 Fext
in eq 2.23 one obtains

ds’ u(s - &')0[F Ps',t) +
Ferts’ )] + 0%Gs,t) (2.25)

This equation together with the stochastic properties of
DR given in eqs 2.21 and 2.22 describes the dynamics of the
polymer including the effect due to the fluctuations of the
fluid.

To go further, we will expand the variables of eq 2.25
in terms of Legendre polynomials which will be used in
the next section to obtain certain explicit results. For an
unspecified quantity ¢(x,t), one has

u(st)—c(st)6+f

-L/2

blx,t) = Zcb;(t)Pl(x) (2.26)
=0

where -1 < x < 1 and Pi{x) is the normalized Legendre
polynomial of order ! which follows from the formula

20+1\1/21 d

P =557)

The Legendre polynomials form a complete orthonormal
set so that

—@x*-1) (2.27)

[ldx PP (x) =, (2.28)

and

¢, = [ dx 6(WP,(x) (2.29)

Now, we introduce the dimensionless variable x = 2s/L
and expand 7 int(x,t) and 7 ¢*t(x,t) in the sense of eq 2.26.
Then, we multiply both sides of eq 2.25 by P,(x) and, after
integration over x, we get

=2 L.
(t) = &(t)B + Zy,q.—é[f nt(t) + 7 6)] + 0R(®) (2.30)
q=0

where use has been made of the orthogonality property of
the Legendre polynomials. In this Jast equation we have
introduced the mobility matrices u;,

wo= [ dvde’ Pu(x-2)P,(x)  (231)
Inviewofeqs 2.21,2.22, and 2.29, the random term satisfies
(BR@) = (2.32)

(BReBRE) = 2kBTu,q6(t -t (2.33)

Using the symmetry of u(x - x’) for interchange between
x and x’, it follows that

=2 =3
B = (2.34)

It is shown in appendix E that
w;=0 ifi+jisodd (2.35)

This property is a consequence of the fact that the cylinder
has an inversion center. The last relation is very useful
because it results in a decoupling of translation and
rotation. Furthermore, according to eq B.1, due to the
symmetry of the system for rotations around the axis, the
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mobility matrices take the general form

wy = ub (- 88) + a8 (2.36)

Due to the fact that &(s,t) = R(t) + sé(t), we straight-
forwardly get
&, =V2R@) .37
L
&, () = —=8(¢) (2.38)
=
&) =0 forgz=2 (2.39)
Differentiating &(s,t) with respect to time, one finds
&,(t) = V2R() (2.40)
L L.
,(t) = ==h(t) = —=a(t) X §(t) (2.41)
! 6 V6
G t)=0 forg=2 (2.42)

where & is the angular velocity whose components are
always orthogonalto$. Note thatthe motion ofthe particle
is represented by the first two components of é(s,t) in its
representation in terms of Legendre polynomials only. It
should be noted, however, that the mobility kernel is not
diagonal in ! and q so that the motion of the particle will
be influenced by all the moments of the force distribution
through its nondiagonal terms. One can also see that the
zeroth order moment of the forces is proportlonal to the
total force, K, while the first order moment is related to
the total torque T, that is

L/2
-L/2

Rt = =L
Rity= ) dsfst)= ﬁ?o(t) (2.43)

2
Ty = [2ds s8t) x Fis,t) = ﬁés(t) XFit)  (2.44)
Notice the fact that the higher order moments do not
necessarily vanish. Itisinterestingtosee thattherandom
velocity is also different from zero for [ = 2. In this way,
we will show that random perturbations of higher order
influence the motion of the particles due to the nondiagonal
elements of the mobility kernel.

3. Polymer Dynamics

We proceed in this section to the analysis of the dynamics
using the equation of motion (2.30) for the velocity of the
particle. The representation in terms of Legendre poly-
nomials given in this equation will permit us to analyze
the motion of the center of mass and the rotational motion
and to compute the viscosity. In this section we will
consider the long cylinder limit, e — 0, in which case it is
justified to neglect the off-diagonal elements of the mobility
kernel. It is found that this approximation leads to the
results given by Yamakawa.® In the following section we
will discuss the modification of these results when finite-
size effects are taken into account.

3.1, Diffusion Coefficients. When the coupling due
to the nondiagonal elements in the representation of the
mobility kernel is neglected, the relevant equations are
those of eq 2.30 where [ = 0, 1. One has

Bg(t) = Eo(t)B - umg[fm(t)*'fg“(t)]"' o} (3.1

f,() = &,(t)-f - uu—2-[7'"‘<t>+7e“<t>1+ * (3.2

The mobility matrices uoo and w11 are explicitly calculated
in appendix B in the long rod limit neglecting terms of the
order a/L.
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We can then use eq 3.1 to calculate the center of mass
diffusion coefficient. For this purpose we may take the
external forces acting on the particle and the velocity

gradients equal to zero. Furthermore, 7 int vanishes due
to the fact that the total force due to mteractlons between
neighboring segmentsis zero. Consequently, eq 3.1simply
reads

fi,(t) = DE(t) (3.3)

Then, one has the center of mass velocity correlation
function

(@oDE(t)) = (BROTRE)) = 2kpThoedt - ) (3.4)
where the mobility tensor ;00 is given by (cf. appendix B)

oo = gl in o+ 2m2-ZJos+ [ 2+
2in2-3]d- 9] @5)

which depends on the orientation of the rod. In order to
calculate the diffusion coefficient, we use the Green-Kubo
formula

Dg = % [t (Re)-Rn),, 3.6)

The average is now over the full equilibrium ensemble
and, therefore, also over the slowly varying position and
orientation of the rod. The average used in eq 3.4 differs
in this respect. See also the remark below eq 2.22. Thus,

using the relation &, = V2R and eq 3.6, one finds

kBT =
Dg = —5tr(ug) 3.7

g«'here the symbol tr(zoo) stands for the trace of the tensor
poo- Making use of eq 3.5 is this last equation, one arrives
at

ksT L
Do=g2r[in g +2m2-1] (3.8)

which is the result given by Yamakawa.?

The rotatlonal motion can be analyzed in a similar way.
Setting again ;3 0 and fe<t = 0 in eq 3.2 and using & =
w X §, we get

2,(t) =é&(t) X 8(8) = i 27 int() + 5R(E)  (3.9)

We multiply both sides of this last eq by §X which leads
us to

\%ﬁx@x@ﬁxb{‘ 3.10)

where use has been made of the fact that 7 ™ is parallel
to & and, therefore, § X f i = 0. Furthermore, using the
fact that wis orthogonal to §, eq 3.10 can finally be written
as

o= —‘{9- x pR (3.11)
Thus, the angular velocity correlation function is

2k T
S uid - (3.12)

o - 1
(w()w(t)) =

where we have employed eq 2.33 with ! = ¢ = 1 and eq 2.36.
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The mobility matrix Zn is, cf. appendix B,

=2 _ 1 L _17..
By = 21m]4{2[ln 95 T 2In2 6% +

[ln g +2m2-3]d-s0) a1

The rotational diffusion coefficient then follows from the
corresponding Green-Kubo formula

gy, == _3ksTr L 11
D, =3, dt (G(0)5(0)),q = ;—nF[ln Liome-2

3.14)

which is again the result given by Yamakawa.? It should
be noted that in obtaining eq 3.12from eq 3.11, we assumed
that (@) = 0. Of course one knows that (w)eq =0 but is
not obvious that the average in the restricted ensemble is
also zero. The reason for this is that the rate of change
of §(t) is caused by 0%(¢) and this could in principle make
(8(t) X b?(t)) # 0. In appendix C we will show that this
term is zero.

3.2. Viscosity. To derive the expression for the linear
viscosity we will start from the corresponding Green—-Kubo
formula®

= NA L
[n] = MkBTfo dt <ny(t)ny(O))eq (3.15)

where N} is the Avogadro number and M, the molecular
weight. Furthermore, the quantity J,s(t) is the a8 element
of the tensor (we will use Green indices to denote the
components of tensors and vectors and summation over
repeated indices will be understood)

J=-3"R,F, (3.16)

with R,. being the position of the mth segment of the
polymer with respect to the center of mass and E,, the
sum of the internal and the external forces acting on the
mth segment. According to this definition, in the case of
our continuous rod, J is given by

L2, 4 . _ Lt
J= —f_mds s&f(s) = —ﬁ?l (3.17)

where J, = ™' + f . According to our previous analysis,
71 is precisely the induced force, that is, the force that the
particle exerts onthe fluid. Inderiving the above equation,
we have substituted the sum over m by an integration
over the contour length, replaced the force by force density
per unit length, and used the definition of 7.

The fluid is in equilibrium and there are no external
fields acting on the system. Due to the fact that, in the
absence of external fields, 7, is parallel to the polymer
axis, we find from eq 3.9 that

%;1 = %7 int = _glgg. R (3.18)

where ¢! is the parallel part of the friction matrix wh;ch
is defined as the inverse of the mobility matrix ui;.
Making use of eq 2.36, then the friction matrix simply
reads

= =

£,EELA-58) +£88 (3.19)
with ¢l =1/ul; and £4 = 1/p;;. Substitution of eq 3.18 into
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J= —\—/li-éz“ééé-ﬁf‘ (3.20)

Now, we will proceed to calculate the time-correlation
function of J. Neglecting for the time being the contri-
bution due to correlations between $§§ and 1')?, one has

2
(o0, 00 =2 Eh%,8.8,00%8)88.5,

2
= 2k TEels 38,800 B2

Averaging with respect to the equilibrium configurational
distribution function, one then finds

2 ds
(g0 = 2kBT%£"6(t) f 5888,

= ok TE gty L5, 5. +5, 8
- B ?E (t)1_5( aﬂaw 6a‘y By + 601115[37)

(3.22)

This will give the so-called viscous contribution to the
viscosity.2®

Our next step will be to calculate the contribution to
the stress tensor due to correlations between § and F. To
this end, we have to consider that the configuration is not
frozen and, consequently, there is some coupling between
the random velocity and the orientational vector. We can
then average J with respect to l’)lf to obtain a slow
contribution to the correlation function. However, one
should realize that, since the configuration cannot be
considered as frozen in this context, the Langevin equation
for § becomes nonlinear. Using Stratonovich’s interpre-
tation rule of this Langevin equation, we have that
7 Yeq = (8F I™")eq # O for a system in equilibrium, which
is clearly incorrect. The origin of this problem is the
nonlinear nature of the Langevin equation. At this point
one should add, as it is commonly done,? the Brownian
force

7222 0t (3.23)

to the induced (internal) force. Consequently, the velocity-

averaged J should be written as
L, B
() =-==(sGF, + %)
'\/ﬁ( ?1 71
=_L LAz_AA.-‘R - 7;(;.._1)
_\/EE (8(1 - 88):D") = 3kgT\ 88 3 (3.24)

This term will end up giving the contribution to the
viscosity due to rotational motion. We have explicitly
perfogmed this average in appendix C. Note thatthe tensor
(85 - 1/3) is the irreducible tensor of second rank?? whose
equilibrium average is zero so that (3 Yeqg = 0.

In appendix D we show that
() 1., O)) . = 90k T)? exp(-6D,t)55(5,,85, +
s = 20,eb) (3:25)

This will give the so-called elastic contribution to the
viscosity.



Macromolecules, Vol. 26, No. 10, 1993

Substituting the contributions given in eqs 3.22 and
3.25 into eq 3.15, for the viscosity we get

- Ny e 2 sy L
[0l = 357 f: dt[szT%g B +

1
9(kpT)’ exp(—BD,t)ig]
NALz[ 1,3
= | — o+ — (3.26)
S0 L, ™ 2
Making use of eq 3.13 we arrive at
NyrL®
[n = —5 i ! T+
0M LinL/20) +2In2-",
prvsnl
In(L/2a)+2In2-"/,
27N, L3
~ A 1 (3.27)

45M  In(L/2a) +21n2-2%/,

which is in agreement with the result given by Yamakawa.?

4. Finite-Size Effects

In the analysis of the finite-size cylinder two aspects
have to be considered. On the one hand, one has to obtain
expressions for the mobility matrices p;; as functions of
the aspect ratio ¢ from the mobility kernel given in eq
2.19. It is no longer correct to use the values obtained in
the long rod limit as was done in the previous section. On
the other hand, higher order moments of the force
distribution are now coupled with translational and
rotational motion through mobility matrices p;; for i = j.
In the previous section this coupling was neglected by
using the fact that the diagonal elements, i = j, diverge
logarithmically in the long rod limit while the off-diagonal
elements remain constant. We find that only the first few
of these higher order moments of the force distribution
play a relevant role in the determination of the transport
coefficients. Thus we will restrict our analysis to [ = 0,
2, and 4 for the translational motion and to ! = 1, 3, and
5 for the rotational motion and the viscosity. The results
do not significantly change when moments of order 6 and
7 are respectively included in the description.

We will now first consider translational motion for which
one then has, cf. eqs 2.24 and 2.30,

80(8) = E0(6) = g So®) + oy aTo(6) + g 2P (1) + 05

0= RarZholt) + oy aFo(®) + gfy(t) + 05
L )
0= ;40'“2'7 o) + /:42'%? 2() + :44'%74“) + 0}

“4.1)
The expressions for the mobility matrices as functions of
the aspect ratio ¢ are cognputaed in appendix E. The
mobility matrices satisfy u;; = uj;, cf. eq 2.34, and can be
written as
=3

wy = ui (- 38) + uliss 4.2)

according to eq 2.36.

The moments of the induced force density may be solved
from eq 4.1, and one may then show that

Bo(0) ~ 86(t1B = g STol0) + 43)

where parallel and orthogonal components of the effective
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mobility and the effective random velocity are defined as

* Moo Hoahoy — Maabtog) | MoslHogbton — Mogktos)
Hogkeq ~ Moy Hoghyy = Koy
R R R R
. Moo(logly — MaqlUs)  Moa(MosUg — Hooly)
UO = UR+ 02\F24%4 44Y2 + 04\F24% 2 22Y4 (4.5)

2 2
Hoglygy = Hoy Hogkyq = Koy

where we did not explicitly write the superscripts 1 and
| in both formulas since the components are not mixed.
From eqs 2.33, 4.4, and 4.5, one may verify that

(BUODLE)) = 2k Theod(t - t') (4.6)

Following the same procedure for the rotational motion,
one arrives at

- N 2 3 L oF
y(t) = & (t)-B = myy5h(6) + 0] %))

where the effective quantities now read

B1gBashys = Msshtyg) + Hs(Mgshlyg = Baghys)

2
KazMss — Hag

= gy + 4.8)

HagMss — ks

R R R R
H1gllasUs = HssU3) | Mys(kgsUs = Mggls)

*

= R
vy =u+

> > 4.9)
Hgghss = Hags Haahss — Mg

where we again omitted the superscripts | and || explicitly
in these formulas. From eqs 2.33, 4.8, and 4.9, one may
now verify that

(DO (t)) = 2kg Ty 5(t - ') 4.10)

In order to compare our results with other approximate
results and with numerical data, it is convenient to write
the mobilities given in eqs 4.4 and 4.8 in the following way

gkl ] oo

71')0(9]&&} (4.11)

and

2

N T T
ﬂl(e)]gs} (4.12)

The functions v4;" () and v{;(¢), which are in fact defined
by these formulas, are rather complex functions of ¢
involving logarithms and powers of ¢. In Figures 1-4 we
plot these functions compared with the numerical data of
Tirado et al.141718 gnd the analytical calculations of
Broersma.”1516 The former modeled the cylinder by a
stack of rings of touching beads and numerically solved
the hydrodynamic problem of taking into account the
hydrodynamic interaction between all the beads. The
latter used the so-called Oseen—Burgers procedure de-
scribed elsewhere. For a comparison with other resultsin
the context of the slender body theory!? and those of
Youngren et al.,!® we refer to Tirado et al.14 As we showed
in the preceding section, we recover the asymptotic values
of Yamakawa,® who also used the Oseen—Burgers procedure
in the ¢ — 0 limit. Broersma finds these values in this
limit as well. The calculations of Tirado et al. do not
reach this limiting value for small ¢, For finite values of
¢ our results and, in particular those for 'yl',o, agree very
well with those obtained by Tirado et al. This is the case
even for small values of e. Nevertheless, our resultincreases
for even smaller values of ¢ than those considered by Tirado
et al. to the asymptotic value 2 In 2 — 3/, given by
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Figure 2. v3(e). The solid line corresponds to the present
calculation. '}Qhe dashed line corresponds to the calculation of
Broersma.’® * stands for the numerical data of Tirado et al.1*

Yamakawa.® This shows that Tirado et al. have not as yet
reached the asymptotic regime. The values given by
Broersma are much too small for finite e. The reason for
this is the fact that his use of the Oseen-Burgers
procedure,!5 in which the induced force is placed on the
central line, turns out to correspond to an expansion in
1/In € and to neglect powers of ¢ in the expressions of the
mobility matrices which is only valid for ¢ vanishingly
small. It is clear that this approach based on the Oseen—
Burgers method is unsatisfactory for finite values of e.
The main difference between the Oseen-Burgers proce-
dure and our procedure is the fact that, in the former,
some force distribution is placed at the axis of the cylinder
and is adjusted so that the velocity field satisfies the
required boundary conditions at the surface. The other
results in the context of the slender body theory!? are
similarly found to be insatisfactory for finite ¢.1¢ In our
case, however, we locate the force on the surface which
leads to a much more accurate description. In fact, this
approach has been used before?! but, in that case, the
proper asymptotic behavior was not reproduced.

In Figures 3 and 4 we show v;; and v!, as functions of
e. Inthe first one our results are compared again with the
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Figure 4. 'y (). The solid line corresponds to the present
calculation.

numerical data of Tirado et al.l”7 and the calculations of
Broersma,”18 while there are no values from these authors
for the second quantity. Our values now are larger than
the numerical values whereas Broersma’s values are
smaller. The discrepancies are probably due to the fact
that for the rotational motion the inhomogeneities of the
induced force distribution around the axis and the effect
of the end plates play a more important role than for the
translational motion.

The transport coefficients for finite ¢ can be obtained
in the same way as in the preceding section since eqs 3.1
and 3.2 are formally identical to eqs 4.3 and 4.7, substituting
u,, by u;. In Figure 5 we plot our results for the viscosity
compared with the curves obtained from the asymptotic
analysis. Asinthe case oftherotationalfriction coefficient,
the asymptotic behavior agrees with Yamakawa.® For
larg:r values of ¢ there are no other results to compare
with.

5. Discussion

As we discussed above, the translational friction coef-
ficient for translation parallel to the axis of the cylinder
calculated by using our method agrees very well with the
values obtained by Tirado et al.!4 In fact, it agrees better
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Figure 5. [1](¢). The dashed line corresponds to the reduced

viscosity calculated from eq 3.27 with p;| and #11 given by eq
3. 13 The SOlld line corresponds to the same quantity by using

uis” and !} given by eq 4.12 in eq 3.27.

than the other coefficients. It seems clear that this is
related to the fact that for this coefficient the force
distribution will be symmetric around the axis of the
cylinder, which is not true for the other coefficients. The
only source of error is, therefore, related to the end plates.
If the aspect ratio is small (¢ < 0.15) this error is clearly
negligible. For larger aspect ratios the influence of the
end plates will become more important and our method
is no longer appropriate. Comparing our results with
Broersma,”'® we conclude that the use of the Oseen-
Burgers procedure, in which the force is placed along the
axis of the cylinder, is less accurate than our approximation,
in which the force is located on the lateral surface.
Concerning the other translational friction coefficient, our
procedure still gives a considerably better agreement with
Tirado et al. than with Broersma’s results. In that case,
the error in our results is not only due to the end plates
but may also be due to the fact that the real force
distribution is no longer symmetric around the axis of the
cylinder. This is even more pronounced for the rotational
friction coefficient where our results deviate considerably
from those of Tirado et al.l”

We find that for aspect ratios smaller than 0.01 the
behavior of the friction coefficients goes over to the
asymptotic behavior given by Yamakawa.® For larger
values of the aspect ratio the qualitative behavior of our
results resembles the behavior found by Tirado et al. much
better than those obtained by Broersma. For the viscosity
there are no numerical results which make a sensitive
comparison possible. The asymptotic formula given by
Yamakawa, however, agrees rather well with our results
up to an aspect ratio of 0.1. Our general conclusion is that
the calculation using a force distribution on the lateral
surface of the cylinder, which is symmetric around the
axis, leads to a considerable improvement over the use of
a force distribution along the central line for a finite
cylinder.

Acknowledgment. J.B.A. and J.M.R. wish to thank
CICyT, Grant No. PB89-0233.

A. Fluctuation-Dissipation Theorem

Here, we will derive the stochastic properties followed
by the random velocity 5% (s,t) as well as the fluctuation-
dissipation theorem. Tothisend, weintroduce the Fourier
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transforms of egs 2.4 and 2.5. One gets
(ARGE,0) =0 A1)

(MR EHTE R",)) = 22m)°kgTnA 4, 0 + E")5(t - t)

(A2)

Let us now consider eq 2.20. As far as the configuration
(i.e. the orientation) of the system can be taken as frozen,
the averages will affect only the random pressure tensor.
According to this, we have

afyn

(R =

- 3

dk , 1-kk o
- [— expik )y  a——{ik-(TRE,0)} = 0 (A3)
(2m) nk

where, in deriving the last line, use has been made of eq
A.1. We make use again of eq 2.20 to compute (J%(s,t)-
R(s',t)), yielding

(Rs,t)oB (s b)) =

dk . d¥
f(2 )3f(2 7 5 eXp(ik8)Jy(k | a) exp(ik’s)Jy(k’  a) X

i-¢ T— 'k'

—.{;k (TRE TR £))-R))
nk

(A4)

Substituting eq A.2 into eq A.4 and performmg the
integration over k’, one arrives at

-

(PR, ) =

=

) ) 1-kE
explik;(s - )]J o(% la)——];;-
]

= 2k To(t - tuls - &) (A.5)
where the last equality follows from eq 2.19 and agrees
with eq 2.22.

B. Mobility Matrices in the Long Rod Limit

Our purpose in this appendix will be to compute some
mobility matrices which correspond to moments of the
mobility kernel. Performing the integration with respect
to k, in eq 2.19, one gets

(81r2n);(x -x) = f_:dk exp[ikL(x -2")/2] X
{(1 )1 —5%) + 2*5(1 +£2 }Io(lkal)Ko(lkal) B.1)

where we have written k instead of &, for simplicity’s sake.
Iy and K, are modified Bessel functions of the first and
second kind, respectively. We introduce the dimensionless
quantity x = kL/2. For convenience we also rewrite the
mobility kernel as

u(x) = 0 - 894 (x) + 28841 (x) (B.2)

where
(8=*mALl(x) =
2 {"dx explixm(1 + B L K @ed B3

Here,at =-landal = 1. The long rod limit is obtained
by considering ¢ ~— 0. We then expand the integrand in
powers of e by neglecting terms of second order and higher.
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One gets
(Br*MA®) ~
%f_:dx exp(ixx){-Inlex| - (C + «/2)] (B.4)

where C is Euler’s constant and we have omitted the
superscripts | and || since it is clear enough. Note that
there are no terms linear in ¢. This approximation is not
valid for x > (2¢)-! which introduces a cutoff value for x.
If one considers, however, the limits of the integral as
infinite, this leads us to convergent results. By inspection
of eq B.4 one sees that the integral represents the Fourier
transform of the expression between brackets. However,
such a transform is only defined as a distribution.? One
can skip the use of the distribution theory because the
mobility matrices defined in eq 2.31 can be directly
computed by introducing the expression (B.4) intoeq 2.31
and performing first the integration will respect to x and
x’. Wewill, however, compute the integral in (B.4) because
the calculation of the mobility matrices is easier once the
expression for the mobility kernel as a distribution is
obtained. Firstly, we consider the integral

2 [~ dx exp(ix)[-in ¢~ (C + a/2)] =
-‘2—”5@)[1:; ¢+ (C+a/2)] (BS)
The remaining integral gives the distribution
%f_:dx exp(ixx)[-In [x|] =
2r[ d o ,
f[dx(Stgn(x) Injxp) +C 6(x)] (B.6)
where C’ is a constant to be determined below and the

function Sign(x) isequal to 1if x > 0 and to -1 if x < 0.
Putting together all these results, we get

1 .
Ax) = m[%(&gn(x) Injx)) - 2(ne+

(C+a/2)- C’/2)6(x)] B.7

The undetermined constant can be fixed by computing
one of the moments of A(x) directly from the integral
expression (B.4) and comparing it with the result obtained
after using eq B.6. On one hand, if we take | = ¢ = 0, we
get

Ay = fldx dx’ Py(x)A(x — x)Py(x")

- Al

. nL ) (-In |ex| - (C + a/2)]

= m[ln@/e) -1+ a/2] (B.8)

where we have interchanged the order of the integration.
On the other hand, if one uses the distribution shown in
eq B.6, the same quantity gives

=dx dx’
-= 4L

Ay = [%(Sign(x -x)Injx-x)~-2(ne+

(C+ o/2) - C'/2)6(x - x’)]

=3 lnL[ln(Z/e) 1+ a/2-(C-C/2)] (B.9)

Comparing eqs B.8 and B.9, one finds C’ = 2C. Conse-
quently, the final expression for the kernel A in our
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approximation reads

Alx) =
1
4rqLLldx

Once we have arrived at this last equation, the calcu-
lation of the mobility matrices is straightforward. We
will give here the expressions for the mobility matrices
that are used in section 4 and in appendix E.

(27rnL)Zoo =

(Szgn(x) Infx) - 2(ln e + a/2)5(x)] (B.10)

[n(25)-2]d - 59 + 2[1n(%E) - 3] o) ®.10)
(27”7L)l"'22 =
[0 -T]d-29 + 2[ m(Z) - 2] o) ®12)
@mnL), =
[0 - 3287 ] 3 - 30) + 2] () - 2 [ 0) B.13)
@mnL)igy = - %{(’1‘ -8) +2069] (B4
@by =- [0 -3 +209)  B.1H)
@mnL)py, = - 31—‘:5[@’ ~8)+269)]  (B.16)
@rnL)ay, =
[ - 3@ -8+ 2[m() - L]es @17
(27"7IL)I::33 =
[in(35) - 38 i - 29) + 2[ m(2) - 2] ) B19)

(@rnL)jiss = [m(%) - (O

2[n(Z) -2 [ s0) B.19)

6930
@mnL)iy, = - %{(T ~38) +268)]  (B.20)
L)y = - %{d -8)+209)] (B2
@rnL)gs = - ﬁl_g—z[(’“i -85 +209)] (B.22)

C. Contribution of Brownian Motion to the Stress
Tensor

To obtain the result given in eq 3.24, we will use the
method of functional derivatives.?? Inourcase, therandom
velocity is Gaussian and white which enables us to write
(Furutsu—-Novikov result)

(8,(85, — 858, 07) =
far (vR(t)vR(t’))< R e gﬁsy)m)) €.

where t = t’ due to causality. If one now uses eq 2.33 and
performs the integral, one gets

(8,85, — 858,)05) =
5 . s
kgﬂ‘,,,(ﬁ[sa(%., - sgs.,)](t)> (C.2)

where use has been made of the fact that, due to causality,
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theintegral of the é-functionis 1/;. Now we have toobtain
the functional derivative of § to perform the average in eq
C.2. To this end, we have to use the Langevin equation
(3.2), in which we substitute eq 3.18 and obtain after
integration and subsequent functional differentiation

-838) (C.3)

Using eq C.3 in eq C.2, we arrive at

6

(8,85, = 88,)07) = -8kpT(3,85 = 0,5/ 3u" 1>

Now, with use of eq C.4 in eq 3.24, the last equality is
satisfied.

Taking advantage of these results, we can also prove
that (§ X t’) ) = 0. In this case, as in eq 2.2, we can write

faa#gﬂ”s) = kBTeaSV#w(Engaéﬁ(t)) (C.5)

where ¢4, is the Levi-Civita tensor. Making use of eq C.3
to eliminate the functional derivative in eq C.5, we find
that the right-hand side of this equation is proportional
to

(OXY

€450, 88, =0 (C.6)

which is obviously zero.

D. Calculation of ((Jaﬂ)(t)<J‘yu>(0))eq

Let us now calculate the correlation function of (3 ).
Once the velocity is removed, we have to use the probability
distribution function for the different orientations of the
particle. This probability distribution function satisfies
the Smoluchowski equation26

Zve0 =D ANGY (D.1)

where D, is the rotational diffusion coefficient given in eq
3.14 and the rotational operator 7 is defined as

Z=3 x(% (D.2)

One can see that the conditional probability §(3,t|§,t0),
which follows from the formula

VO = [d¥ 9LtV @ty (D.3)
also satisfies the Smoluchowski equation, that is
-%g(s,t|§',to> = D.R29G, 0 ) (D.4)

The operator &2 acts only on the § dependence of 9. Let
us rewrite the elastic contribution to the stress tensor as

(J,5) = 3kpTS 4 (D.5)
where we have introduced the phase space variable
S,3= (3,85 08,4/3) (D.6)

The correlation function of this last quantity is then
(8,5(6)S,,(0))eg = [d8 [d¥ (3,8, 8,5/3) X
SG,t8,09(3,008,8,-6.,/3) (D.T)

Deriving this equation with respect to time and using the
evolution equation for the transition probability given in
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eq D.4, we get
d
&(Sag(t)sy,,(o))eq =

fas fas 5,,D,[R*96,t8,010(,0)S",, (D.8)

where S, = (¥,%, - §,,/3). Making use of the fact that
the rotational operator satisfies

fds A®IR*B®] = [d2 [R°A@1B®) (D.9)

and
RS, =68, (D.10)
we finally arrive at
2 (8,65,,(0)) g = BD85(1)S,,(0),, (D.11)
Therefore,
(S,5(t)8,,(0))q = exp(-6D,t)(S,5(0)8,,(0)),, (D.12)

where the quantity (S.5(0)S,,(0))eq has to be calculated
by means of the initial distribution function which, in our
case, is the equilibrium distribution function. This leads
us to

ds
(S,5()S,,(0))oq = exD(-6D,) [ 75,8
1 2
= exp(-GDrt)-i-s-(BMBB‘, + 8,05, - §aaﬂ57,)

(D.13)

Now, making use of eqs D.5 and D.13, one arrives at eq
3.25.

E. Mobility Matrices for the Finite Cylinder

Let us consider again eq B.3. To simplify the calcu-
lations, note that if g(ex) is an arbitrary function, one can
write

xd—i-g(ex) = eade-g(ex) (E.1)
Then, eq B.3 can be written as
- ae d
Ax-x') L(1+ 5 de)x

f_ " dx explix(x - )1 (2lex)Ko(2ex) (E.2)

It is now convenient to expand the exponential function
of the integrand of this last equation in terms of the
normalized Legendre polynomials. That ig3°

exp(ixx) = \/x Z\/2n+ 1% p41/000P,(x)  (E.3)

n=0

where J,+1/2(x) is the Bessel function of first kind and
order n+ 1/, By means of this expansion, the kernel A(x
— x’) can be written as

Alx - x') =
Z\/ @n + 1)@m + Di" P, (x)P, (x) X
4mqL n,m
ae d
(1 +——)f dx J,,+1/2(x) m+1/2000o(2lexDKo(2lex])

E4
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Due to the fact that

iJn+1/2(X)Jm+1/2(X) =

(—1)”*'”*2?})(—) 120 o0 (E5)
it is found that the integral vanishes if n + m is odd which
agrees with what we stated in eq 2.38. Therefore, we can
finally write

A(x - x’)—
Z\/ @n + 1)@m + Di""P,(x)P, (x) X
27"7 n,m
ac d
( )f dX +1/2(X) +1/2(X)Io(25X)K0(2EX)

(E.6)

From this expression we can directly obtain the moments
of the scalar kernel A

m= 2;\/(2n + 1)@2m + 13" ™ X

(1+ﬁfi) 38X T 111200 0O 260K 260
E7)

From this last equation one can compute the mobility
matrices which, of course, coincide with the results given
in appendix B for these quantities when ¢ — 0. We have
numerically evaluated this integral and substract the value
that is obtained by means of the asymptotic kernel given
in appendix B which contains the nonanaliticities. The
remaining function is smooth and we have computed a
polynomial approximation in powers of ¢ which fits very
well with the numerical data. Then, in general we will
have

(e)] (1-38) +

it = [ e~ 0+ 527kt

[die—~o0) + ——h')-(e)] 8 (E8)

where #J‘ Ite = 0) are the values for the mobility matrices

given in appendlx B. For the functions h;; ’"(e) we report
polynomial fits valid in the interval 0 <¢<02 The
voefficients of these polynomial fits are given in Table L.
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